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a b s t r a c t
The modern stage suspended boom system is automatically controlled by PLC (pro-
grammable logic controller), and represents a typical hybrid behavior. It is an important
family of stage control machinery systems. This paper presents a formal approach to mod-
eling the system behaviors of different scenes. The system is formally characterized and
specified in a timed model. System properties are proved in the proof system of the ex-
tended duration calculus. The case study illustrates the feasibility of the proposed verifica-
tion framework.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Suspended boom systems are necessary mechanisms for staging. Engineers use this system to achieve some special and
imaginative scenes, especially for stunt shows. The system can be used to suspend objects and human in mid-air, which
can achieve various special effects for live performances. The system contain a fixed physical mechanism and a variable
controller, which is composed by steeves and PLC. The PLC samples the steeves and makes decision periodically, which
essentially forms a hybrid system. Fig. 1 shows a typical stage suspended boom system. Since human life is at stake, safety
is the top concern. The system is also mission critical due to its live performance nature.
We focus on the formal aspect of verifying stage suspended boom systems. It is known that the modeling problem is
most important during the procedure. So we pay our attention to simple and direct analysis methods that are widely used
in industry and connect them with formal models. We find that it is easy to translate hierarchical analysis into Extended
Duration Calculus (EDC) formulas.
EDC, a real-time interval temporal logic, is an extension of duration calculus [1], which is suitable for specifying and
deducing real-time logic properties of hybrid systems. It combines numeric computation with symbolic deduction in a
natural framework and supports the logic deduction and numeric computation simultaneously. We find it interesting to
link quick conceptual analysis with the EDC axiom system smoothly, whichwould simplify formal verification of the applied
stage suspended boom systems.
There are many prior works on the synthesis and analysis of PLC systems. Automatic synthesis includes works based on
Petri Nets [2], automata [3,4], and duration calculus [5]. The automata based verification is discussed for PLC in [6,7]. A PLC
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Fig. 1. A typical stage suspended boom system.
program is proved by a theorem prover COQ [8]. In contrast, our method of modeling and validating stage suspended boom
systems is in a whole framework of EDC based conceptual model.
The rest of this article is organized as follows: In Section 2, we show some basic syntax, semantics and laws of EDC. In
Section 3, we introduce the common way of modeling and verifying the stage suspended boom system. In Section 4 we
introduce the way of modeling and validating the concrete case study. We conclude in Section 5.
2. Extended duration calculus
The duration calculus was first proposed in [1], and extended in [9]. EDC was used in the verification of aerospace
applications in [10,11].
The commonway of specifying a system is to consider the behavior relevant variables of the system, whose assignments
compose the state space of the system. In addition, the transitions between states captures the behaviors of the system. The
above requirements constitute an easy and efficient way to specify discrete systems. However, for a systemwith continuous
behavior, it is imposable to list all the states and transitions, which calls for advanced methods such as automata models or
duration calculus.
Formally, the stage suspended boom system is essentially a hybrid system, which contains both continuous and discrete
behaviors. We use the extended duration calculus (EDC) [9] to specify and verify the stage suspended boom system.
The continuous part of the stage suspended boom system contains electrical motors and physical mechanisms. The
discrete part includes controllers and some other events, e.g. pushing a bottom, the pulses of angular transducer. We can
use EDC syntax to describe all the continuous and discrete part formally.
Let R be the real number, B be the Boolean type, then we can show the EDC syntax, the state space is composed by the
assignments of the behavior relevant variables, let us use symbol := for definition, s denote a state of the system. We can
explore the continuity and discreteness by a sequence of states, which is called a trace:
trace := s1, s2, . . . .
Time could be shown as non-negative real numbers:
time ∈ R0,+.
Let t be the variable symbol on time. For every assignment of t , the systemmust reach some states or state set (let the empty
state set be a special state). So there exists a set of reachable states in a time duration, i.e., a fixed time duration corresponds
to a set of reachable states. Following the definitions in EDC, we use state terms to express the reachable state set.
Let state name, v, be a behavior relevant variable, which reflects a special aspect of system variation over time, The
state names record the history of system run—the trace, as well as operator symbols or predicate symbols, F . They enrich
expressibility of EDC.
The state term f can be defined recursively as:
f , v|t|F(f1, . . . , fn(F)+1)
which are classified into two kinds:
1. state assertion, P , a state term of B; and
2. state expression, se, a real term.
The reachable state expressed by state terms is time relevant (piecewise continuous on time), e.g. the state term can
be satisfied in some time points, but not in others. Thus, the integration of state terms over time is introduced to maintain
consistency:∫
: StateSet → (TimeInterval → R).
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Fig. 2. Some laws of extended duration calculus [9].
Thus, the duration, d, will be
d ,
∫
se|
∫
P.
The duration term is defined recursively as:
dt , d|t|b.se|e.se|F(dt1, . . . , dtn(F)+1).
Finally, the duration formulas, the basic unit of EDC:
D , R(dt1, . . . , dtn(R)+1)|¬D|D1 ∧ D2|D1;D2|∀v : R • D
where ; is a chop operator and ∀v : R • Dmeans substituting v in Dwith all possible values.
Properties of time points can also be lifted to properties of time intervals, which involves the concept of interval assertion:
⌈P⌉ expresses that an assertion P is true almost everywhere in a non-point interval (r time units).
Let∫
true = ℓ
then
⌈P⌉ ,
∫
P = ℓ ∧ ℓ > 0.
Let l be the length of time interval, an assertion for a point interval is
⌈⌉ , l = 0.
Finally, the time quantifiers ♦ and  can be defined by the chops:
♦D , true;D; true D holds for some intervals;
D , ¬♦¬D D holds for all intervals.
Wehave shown the basic syntax of EDC, as well as its implied semantic.Wewill use the above foundation to describe our
system, express our desired properties, and then prove the properties through calculus. However, EDC is a calculus made
from formulas and 60 inference laws. We list some laws used in the case study without any proof in Fig. 2. The details can
be found in [9].
3. Stage suspended boom system
The stage suspended boom system iswidely used. It contains several parts, including some automatic electro-mechanical
controllers and some physical mechanisms, e.g. steeves, curtains, and electrical motors. In this section, we formally analyze
the stage suspended boom system using EDC formulas.
3.1. Mechanism of boom system
We can establish a four-dimensional mathematical model describing the locus of every steeve, in which the first three
dimensions express the current location of every steeve, the last dimension specify time.
Let us first show some spatial hypothesis. Suppose the length of a steeve is l. We mark steeves with 1, . . . , k. The axis
of coordination are x, y and z respectively. Initially, the coordinate value of the left end of the i-th steeve is (xi0 , yi0 , zi0). All
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Fig. 3. Steeves in three-dimensional coordination.
steeves are parallel and located in a plane parallel to the x–y plane. The relations between steeves and axis are: the axis (x, y
or z) and steeves may not be in the same plane, but steeves could be projected onto the x–y plane and the projections are
parallel to the x axis and vertical to the y axis. Moreover, if projected steeves on the x–z plane, the projection will be also
parallel to x axis and vertical to z. All of what described above can be found in Fig. 3.
A steeve is composed of numerous particles, which forms a line. We can study a particular particle by the coordinates
of the left end of the steeve and the particle’s distance from the left end. Formally, suppose the left end of the i-th steeve is
(xi, yi, zi) and diα (diα < l) is the distance of a particle α, whose initial coordinates will be (xi + diα , yi, zi).
We consider steeves as never rotated, i.e., at every position, if the coordinates of the left end of a steeve is (xi, yi, zi), then
the coordinates of a particle will be (xi + diα , yi, zi)with diα as the distance.
The speed of amoving steeve is a vector, e.g. not only themagnitude but also the direction is considered. For a steeve, the
speed of its particle is the same, i.e., the direction andmagnitude of this speed vector is same as that of the steeve. Therefore,
when we talk about the speed of a steeve, it implies the same speed for all particles of this steeve. Let −→vi be the speed of
the i-th steeve. The speed is a vector which could be projected in different coordinate components, let vix , viy and viz be the
components of −→vi along the three axis. In fact, the projection of speed reflects the variation rate of the coordinates in an
axis.
It suffice to consider the position and the variation of the left end of a steeve, because other particles in the same steeve
can be easily calculated.
A moving steeve is driven by mechanisms along three dimensions, which makes it possible to move left or right (x-axis
direction), front or back (y-axis direction) and up or down (z-axis direction), as well as all other actions composed by these
basic ones, which reflects the compositional property of movement of steeve we have discussed above. So in short, the
mechanism at every axis is the reason of the variation of coordinates of the left end of a steeve.
Themechanical behaviors are controlled by special inputs. The controls are really decisions from an intelligent controller,
which generates determined control information by all available current snapshot of system, e.g. time, position of steeve,
command fromworkers and state of mechanism, at every time point. Let function h be the behavior of a Controller, c be the
input of mechanical variant on the time, the snapshot is abbreviated by · · · ,cxi(t) = hxi(· · · )
cyi(t) = hyi(· · · )
cyi(t) = hyi(· · · ).
Then, let f be the functions describing the behavior of the mechanical part.fxi(cxi)
fyi(cyi)
fzi(czi).
So the variation of coordination of a steeve would bex
′
i(t) = fxi(cxi)
y′i(t) = fyi(cyi)
z ′i (t) = fzi(czi).
(1)
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Fig. 4. Conceptual model.
3.2. Modeling interface and controller
The stage suspended boom system is controlled by PLC, which continuouslymakes decision by all accessible information,
including time, position of steeve, command fromworkers and state of mechanism.We formalize the PLC, as well as sensors
and actuators of the steeve system, as the Controller and the Interface.
The Controller generates a determined control information in terms of the current system behavior. The Interface is a
virtual component, which prepares a basis for decision and classification of the generated controls. In short, the Controller,
Interface and mathematical model of the steeve composed an abstract but applicable conceptual model of the stage
suspended boom system, like in Fig. 4: the boom system is accessed only through the signals of sensors and actuators;
the Controller is the reasoning procedure; and the Interface connects sensors, actuators and the Controller.
We have noted real number by R and Boolean B in Section 2, let Signals be an enumerated set of signals. Now we show
the functions of the Interface. The Controller generates determined decisions (control symbols) to restrict the movement of
steeves according to the current snapshot of the system, e.g. current position of steeves (maybe expressed indirectly) and
button pushing events, so the function of the interface contains two maps, e.g.
sig2real : Signals → R
and
symb2sig : B→ Signals.
The controller generates determined control information for the steeve system based on the current snapshot of the
whole system. We could also see the controller as a map below:
real2symb : R→ B.
The boom system including the mechanism and electrical motor is composed of position adjustment,
sig2pos : Signals → R
movement, e.g. Eq. (1) and position report:
pos2sig : R→ Signals.
Now we have shown that the stage suspended boom system could be described formally and hierarchically as the
conceptual model in Fig. 4 and formulas with congruent EDC syntax, e.g. sig2real, pos2sig, sig2pos and Eq. (1) be the state
expressions and real2symb and symb2real the state assertions. The union of all these state expressions and state assertions
express the whole system behavior over time.
4. Case study—stage suspended boom system
In this section, we apply EDC to verify the correctness of the stage suspended boom system at the Beijing Olympic
Stadium. The detailed specification of the system is based on [12]:
Vertical direction:
A steeve driven by electrical motor canmove up or down placidly by a constant speed (the vertical direction corresponds
to the z-axismovement),which could be stopped and located in every valid position that youwant. In general, the largest and
smallest height the steeve could be reached areHT andHB respectively, which should be guaranteed by controlling software.
However, there exists two different heights, namely largest and smallest safety height (MT ,MT < HT and MB,MB > HB
respectively), which are defined in different scenes to avoid some dangers, e.g. collisions. The users can set the target height
height by a control panel, as well as start or stop the steeve by start and stop_p commands.
The electrical motor rotates by a constant speed to keep the steeve moving placidly. If the motor rotates clockwise (cw),
the steeve moves down. If the motor rates counter-clockwise/anti-clockwise (acw), the steeve moves up, which is actuated
by commands from the controller, e.g. cw for forward rotation, acw for reverse rotation, and stop for suspending. The motor
drive the steeve by a power transmission device, the steeve will move up/down by a distance n for every motor rotation
cycle.
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Users can also choose the automatic control model by entering the target height, h_req, to the control panel. Then the
PLC will use this value to determine the moving direction of the steeve and calculate the number of pulses on the angular
transducer by the number of cycles that the motor need to rotate. Suppose the angular transducer will send 256 pulses per
motor rotation cycle and the steeve will move 16 cm up/down per cycle, the relation between the number of pulses and the
height will be:
impulse_number = height× 256÷ 16.
For this example, the extent ofmovement of the steeve (HT andHB)will be 100 cmand4300 cm. According to the equation
above, the number of pulseswould be between 1600 and 30400. After 1256 cycle, the angular transducerwill transmit a pulse
to the controller and its counterwill increase by 1.When the countermeets the requirement, the controllerwill send the stop
command to themotor and the steeve will stop at a fixed position, assuming the PLC receives all pulses from the transducer.
Horizontal direction:
The horizontal movement of the steeve is also controlled by the electrical motor, the mechanism is the same as the
vertical one. The steeve would move right or left which corresponding to the variant of the y-axis. The wire rope is 180 m
long, the safe moving range is 30–150 m.
The twomotorswill beworking co-operatively,whichmakes steevemoving up/down and left/right in a two-dimensional
plane.
Scenes:
We will study two scenes which were used in real-life performances at the stadium, the first one is groups moving,
1. Grouping every two steeves, the steeves in a group always keep the same relative position at every time point.
2. Each group will be 100 cm higher than its next group if both are not at the top or bottom position.
3. After reaching the top or the bottom, groups move down or up in reverse order but keep 100 cm apart.
The scene 2 is flying a kite,
1. Two steeves move horizontally and vertically, spanning 20 m for vertical and 50 m for horizontal.
2. A stunt actor (actress) is hanging in the first steeve and a kite in the second. The distance in the oblique line between the
stunt and the kite is kept at 20 m.
4.1. Formal modeling
The PLC is used as a controller of the actual boom system, the controller reads position of a steeve indirectly, e.g. calculates
position by the values of three counters of the steeve, and thenmakes decisions continuously. Although the value of counter
is an integer, but it is more convenient to expand its value region to positive real and use int function to get its integer part.
So we suppose counter is the value of a counter over real in rest of this article, as well as the measure of length, height or
others are centimeter.
The moving steeves are controlled by electrical motors which accepts three mutually excluded signals: ‘stop’, ‘cw’ and
‘acw’, and electrical motor omit signals ‘add’ 256 times per motor rotation cycle.
First let us see the movement of the steeve i, let
sig2pos(cw) =
−1 (cw exist);
0 (cw not exist). sig2pos(acw) =

1 (acw exist);
0 (acw not exist)
and
sig2pos(stop) = 0
v0 is the speed magnitude (according to the specification, the steeves move by a stable speed), then the movement, e.g.
forms of Eq. (1) of the steeve i becomesx
′
i(t) = (sig2pos(cw)+ sig2pos(stop)+ sig2pos(acw))× v0
y′i(t) = (sig2pos(cw)+ sig2pos(stop)+ sig2pos(acw))× v0
z ′i (t) = (sig2pos(cw)+ sig2pos(stop)+ sig2pos(acw))× v0
(2)
with x
′
i(0) = 0
y′i(0) = 0
z ′i (0) = 0
and
xi(0) = HB
yi(0) = HB
zi(0) = HB.
It is hard to express pos2sig for this case study, but we can do it indirectly. According to the specification, e.g. the angular
transducer will send 256 pulses per motor rotation cycle and the steeve will move 16 cm up/down per cycle, we can get the
rate of the signals, let abs be an absolute function then
ratexi(add) = abs(x′i)× 256÷ 16
rateyi(add) and ratezi(add) are similar.
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Now the movement parts are clear. The interface is bridge over the controller and the boom system and accepts two
kinds of signals, e.g. button pushing signals and add from electric motors. Because either the whole stage suspended boom
system or motors are controllable, operators can push button and make them stop, rotate cw or acw for emergency control.
All these emergency signals will be sent to the controller, but controller cannot disable these button pushing operation, e.g.
if an emergency happens, operators push the button to control the boom system directly and not through the automatic
controller. There are two kinds of buttons, e.g.
1. Global button for stopping and starting the whole stage suspended boom system, the corresponding signals are gstart
and gstop; and
2. Local motor emergency button signals, lcw, lstop and lacw, and a non-emergent signal lauto.
Then
sig2real(gstart) =

1 (gstart exist)
0 (gstart not exist).
Definitions of sig2real for other signals (gstop, lcw, lstop, lacw, lauto) are similar. We also have one more map from signal
add to the real value of counter:
counter′xi = ratexi(add)1
either counteryi(add) and counterzi(add) is similar.
Now let us see another function of interface, e.g. interpreting the decision to the signals. Let set_acw, set_cw and set_stop
be three basic decisions, e.g. set_acw is an assertion says controller want to make the motor rotate anti-clockwise, others
two are similar. All the complex one could be composed bases on these three ones, then
symb2sigxi(set_acwxi) = acw
symb2sigxi(set_cwxi) = cw
symb2sigxi(set_stopxi) = stop.
Let us see the scenes.
4.1.1. Groups moving
In the first scene, every two steeves are grouped together and only move up and down, therefore, the motors installed
in x and y axes always receive stop signal.
Initially, all groups are at the lowest height, the first groupmoves up first. After the first groupmoves 100 cm, the second
group will move up, and so on. The first group will arrive at the highest place followed by the second group, and so on. After
all groups arrive at the highest point, the last group will move down first, then after 100 cm distance between the last and
the second last, the second last group will move down, and so on. Let len be the distance of delay of changing the behavior
of motor, then the safety interval for this scene is
[MB,MT ] withMB = HB + len andMT = HT − len.
The controller (PLC) does not read position of the steeve directly, but calculates the position by the values of counters of
motors. Remember steeve cannot stop in the position ofMB (orMT ), but keeps moving len distance until arrive at HB (or HT ),
let us convert the moving interval into the amount of the signals sent by angular transducer of electro-motor, e.g. increased
value of counter, according to HT ,HB,MT andMB and 16 cm per 256 pulse, let int return the integer portion of a number,
NH = int((HT − HB)× 256÷ 16)
100 cm distance equals to
N100 = 100× 256÷ 16.
In the view of the PLC, PLC processes the value of counters and make decision to control the actual physical devices, it is
convenient to show decision by different assertions instead of values of counters. Themovement of the steeve could be seen
as a cycle, in which the steevemoves up to the top position and thenmoves down to the bottomwithin 2×NH pulses. Hence
the assertion of moving up and down of a single steeve i is (let mod function return remainder when the first parameter is
divided by the second parameter):
supi , mod(int(counterzi ÷ NH), 2) = 0
and
sdowni , mod(int(counterzi ÷ NH), 2) = 1.
1 counter′xi is also a map from signal to real, the reason of breaking counter out of sig2real is just for future convenience.
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The next assertions say if the height of single steeve i is HT or HB (a steeve will receive stop signals once the height equals to
MT orMB, but it keeps moving for a len distance before really stops, as well as counter keeps increasing in this shot stopping
period), it arrives at the top (bottom) and may be kept there for a while (counter stops increasing):
skeep_topi , sdowni ∧mod(counterzi ,NH) = 0
and
skeep_bot i , supi ∧mod(counterzi ,NH) = 0.
If steeve is betweenMB andMT , it keeps moving:
smovei , mod(counterzi ,NH) ≠ 0.
Moreover, every two neighbor steeves are grouped and move up/down together, e.g. at every time point, the value of z axis
of two steeves keeps the same. We can define the group j:
groupj , counterz2×j−1 = counterz2×j .
The decision is a signal relevant operation, e.g. if some conditions (assertions) are satisfied, then the corresponding signals
are generated. In this group moving scene, buttons on x and y axes are don’t care buttons because only z axis motors work,
we hope once we push the global start button, the scene 1 starts and push global stop button every steeves stops. Then let
gm_start , sig2real(gstart) = 1 ∧ sig2real(gstop) = 0
∧ sig2real(lstopx,y1···n) = 1 ∧ sig2real(lstopz1···n) = 0
∧ sig2real(lstartx,y,z1···n) = 0 ∧ sig2real(lautoz1···n) = 1
and
gm_start , sig2real(gstart) = 0 ∧ sig2real(gstop) = 1
∧ sig2real(lstopx,y,z1···n) = 1 ∧ sig2real(lstartx,y,z1···n) = 0
∧ sig2real(lautox,y,z1···n) = 0.
After pushing the global start button, the boom system is controlled by PLC automatically, e.g. PLC calculates the position
of steeve in terms of counter, and then generate the signal vector to motors. Let zup, zdown and zstop be three assertions
over the motor’s signals {acw, cw, stop} for z axis motor of steeve i, then
zupi = set_acw ∧ ¬set_cw ∧ ¬set_stop
zdowni = ¬set_acw ∧ ¬set_cw ∧ ¬set_stop
zstopi = ¬set_acw ∧ ¬set_cw ∧ set_stop.
Then let us analyze the moving group and propose our control strategies. Suppose there are n groups, we analyze group
j (0 ≤ j < n):
Constraint 1. If all of these steeves are at the top position or the bottom position, the first group should move up or the
last down:
bottom , gm_start ∧ skeep_bot1,...,2×n ∧ skeep_bot1,...,2×n ∧ group1,...,n
⇒ zup1 ∧ zup2 ∧ zstop3,...,2×n
or
top , gm_start ∧ skeep_top1,...,2×n ∧ skeep_top1,...,2×n ∧ group1,...,n
⇒ zstop1,...,2×(n−1) ∧ zdown2×n−1 ∧ zdown2×n.
Constraint 2. Group j of steeves arrives top,
gkeep_topj , gm_start ∧ ¬bottom ∧ ¬top ∧ groupj ∧ skeep_top2×j−1 ∧ skeep_top2×j
⇒ zstop2×j−1 ∧ zstop2×j.
Constraint 3. Group j of steeves arrives:
gkeep_bot j , gm_start ∧ ¬bottom ∧ ¬top ∧ groupj ∧ skeep_bot2×j−1 ∧ skeep_bot2×j
⇒ zstop2×j−1 ∧ zstop2×j.
Constraint 4. Group j of steeves moves up:
gmove_upj , gm_start ∧ ¬bottom ∧ ¬top ∧ groupj ∧ sup2×j−1 ∧ sup2×j ∧ ¬smove2×(j−1)−1 ∧ ¬smove2×(j−1)
⇒ zup2×j−1 ∧ zup2×j.
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Constraint 5. Group j of steeves is at bottom and prepare to move up:
gwait_upj , gm_start ∧ ¬bottom ∧ ¬top ∧ groupj ∧ sup2×j−1 ∧ sup2×j ∧ smove2×(j−1)−1 ∧ smove2×(j−1)
⇒ zstop2×j−1 ∧ zstop2×j.
Constraint 6. Group j of steeves moves down:
gmove_downj , gm_start ∧ ¬bottom ∧ ¬top ∧ groupj ∧ sdown2×j−1
∧ sdown2×j ∧ ¬smove2×(j+1)−1 ∧ ¬smove2×(j+1)
⇒ zdown2×j−1 ∧ zdown2×j.
Constraint 7. Group j of steeves is at the top position and waits for moving down:
gwait_downj , gm_start ∧ ¬bottom ∧ ¬top ∧ groupj ∧ sdown2×j−1
∧ sdown2×j ∧ smove2×(j+1)−1 ∧ smove2×(j+1)
⇒ zstopz2×j−1 ∧ zstopz2×j.
Constraint 8. Although all themotors are supposedwell-produced, but if the some thing not considered appears, wemust
let the boom system stop behaving, then we define the exceptions assertion:
exception , gm_start ∧ ¬bottom ∧ ¬top ∧ ¬gkeep_top1,...,2×n ∧ ¬gkeep_bot1,...,2×n
∧¬gmove_up1,...,2×n ∧ ¬gmove_down1,...,2×n ∧ ¬gwait_up1,...,2×n ∧ ¬GWait_down1,...,2×n
⇒ zstop1,...,2×n.
Constraint 9. Stop anywhere (engineer push the global stop bottom):
all_stop , gm_stop
⇒ zstop1,...,2×n.
We have defined many assertions about the stage suspended boom system under the requirement of Grope Moving, e.g.
scene 1. All these assertions are the statistic analyze of the PLC part of the boom system, e.g. they are the state assertions of
EDC. Then based on the analysis above and the Eq. (2), the boom systemwould be (let stable = x′1,...,2×n = 0∧y′1,...,2×n = 0):
S1 =

bottom ⇒ z ′1 = v0 ∧ z ′2 = v0 ∧ z ′3,...,2×n = 0 ∧ stable
top ⇒ z ′1,...,2×(n−1) = 0 ∧ z ′2×n−1 = −v0 ∧ z ′2×n = −v0 ∧ stable
gkeep_topj ⇒ z ′2×j−1 = 0 ∧ z ′2×j = 0 ∧ stable
gkeep_bot j ⇒ z ′2×j−1 = 0 ∧ z ′2×j = 0 ∧ stable
gmove_upj ⇒ z ′2×j−1 = v0 ∧ z ′2×j = v0 ∧ stable
gwait_upj ⇒ z ′2×j−1 = 0 ∧ z ′2×j = 0 ∧ stable
gmove_downj ⇒ z ′2×j−1 = −v0 ∧ z ′2×j = −v0 ∧ stable
gwait_downj ⇒ z ′2×j−1 = 0 ∧ z ′2×j = 0 ∧ stable
exception ⇒ z ′1,...,2×n = 0 ∧ stable
all_stop ⇒ z ′1,...,2×n = 0 ∧ stable.
(3)
This S1 is always true in a time duration, e.g.

S1 = ℓ for any time duration whose length is ℓ > 0, then get we ⌈S1⌉.
4.1.2. Flying a kite
The second scene only involves two steeves, this scene will show spectators that a stunt actor flies a kite slowly, both are
lifted by respective steeves controlled by PLC automatically.
Suppose the first steeve (number i) hangs the kite and the second (j) hangs the stunt actor. In this scenes the steeve does
not move along the x-axis, we can project the steeves in Fig. 3 into the y–z plane to analyze its movement.
We show the analysis by the following lemma:
Lemma 1. In terms of request of Scene 2, the initial distance of two steeves must be less than 20 m, and then the second steeve
begins to move once the first steeve’s counter value becomes larger than int

2×(20×100)2−d20−d0
2× 16256

.
Proof. Initially, all the steeves are at the bottom position. Suppose the initial coordinates are (yi0 , 0) and (yj0 , 0) (only show
the y–z plane), the initial distance between two steeves are d0 = yj0−yi0 (the reasonwhywedonot use the standard distance
between two neighbor steeves is we want to get a generalized rule of selecting steeves, which simplifies the technician’s
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Fig. 5. The coordinate for kite.
work). Then the first steeve (kite) begins to move up and front until the distance between the two are 20 m (see Fig. 5).
Suppose the coordinates of the first steeve now is (yi1 , zi1) and N1 is the electrical motor’s counter value at this time point.
According to the specification, 16 cm per 256 signals of sensor,
yi1 = yi0 − N1 ×
16
256
and
zi1 = N1 ×
16
256
.
Then we get following equation:
20× 100 =

(yi1 − yj0)2 + z2i1
=

d0 + N1 × 16256
2
+

N1 × 16256
2
. (4)
Because d0 > 0 and N1 must be an integer, we can solve Eq. (4), the result are
d0 < 20× 100
and
N1 = int


2× (20× 100)2 − d20 − d0
2× 16256
 . 
According to Lemma 1, once the second steeve begins to move, both steeves move up and front until the z-coordinate of
the first arrives at 20 × 100 (the first has moved just 20 m in y-axis for the same speed of electrical motors, as well as the
secondmoved 20×100−N1× 16256 ), at this time, the value of counters of the first will beN2 = 20×100× 25616 , and the second
N2−int

2×(20×100)2−d20−d0
2× 16256

. Then both of the steeves justmove front for 30m, the counters of themotor of the first steeve
in y-axis will beN3 = 50×100× 25616 , but the one in z-axis keepsN2, as well as the second hasN3− int

2×(20×100)2−d20−d0
2× 16256

for y-axis motor and N2 − int

2×(20×100)2−d20−d0
2× 16256

for z-axis. So we can get following two corollaries:
Corollary 1. The first steeve stops moving up once values of counters become N2, as well as the second stop up after N2 −
int

2×(20×100)2−d20−d0
2× 16256

.
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Corollary 2. Both the first and the second steeve stop move front once the corresponding values are equiv N3 and N3 −
int

2×(20×100)2−d20−d0
2× 16256

respectively.
User push a global start button to start scene 2 and stop it by global stop button, let i, j ∈ {1, . . . , 2× n} and i < j,
gm_start2 , sig2real(gstart) = 1 ∧ sig2real(gstop) = 0
∧ sig2real(lstopx1···n) = 1 ∧ sig2real(lstopy,z1···i−1,i+1··· ,j−1,j+1··· ,n) = 1
∧ sig2real(lstartx1···n) = 0 ∧ sig2real(lstarty,z1···i−1,i+1··· ,j−1,j+1··· ,n) = 0
∧ sig2real(lautox1···n) = 0 ∧ sig2real(lautoy,z1···i−1,i+1··· ,j−1,j+1··· ,n) = 0
∧ sig2real(lautoyi) = 1 ∧ sig2real(lautoyj) = 1
∧ sig2real(lautozi) = 1 ∧ sig2real(lautozj) = 1
and
gm_stop2 , sig2real(gstart) = 0 ∧ sig2real(gstop) = 1
∧ sig2real(lstopx,y,z1···n) = 1 ∧ sig2real(lstartx,y,z1···n) = 0
∧ sig2real(lautox,y,z1···n) = 0.
As mentioned before, after pushing the global start button, PLC calculates the position of steeve in terms of counter, and
then generate the signal vector to motors. We have defined three assertions, e.g. zup, zdown and zstop for z axis motor of
steeve, but scene 2 need more, let yfront, yback and ystop be the assertions for steeve on y axis,
yfront i = set_acw ∧ ¬set_cw ∧ ¬set_stop
ybacki = ¬set_acw ∧ set_cw ∧ ¬set_stop
ystopi = ¬set_acw ∧ ¬set_cw ∧ set_stop.
Moreover, all movements should be safe, e.g. the displacement of both horizontal and vertical directions should be small
than HT − HB. Then the value of counter should be less than NH .
Let
safei = counterxi < NH ∧ counteryi < NH ∧ counterzi < NH
and
safej = counterxj < NH ∧ counteryj < NH ∧ counterzj < NH .
Let us analyze the strategies of scene 2 by using Lemma 1. Similar to Section 4.2.1, the control strategies will be:
Constraint 1. Initially, both steeves are located at the bottom position, and then the first steeve i begins to move front
and up, the second keeps stable:
init , gm_start2 ∧ safei ∧ safej ∧ counteryi = 0 ∧ counterzi = 0 ∧ counteryj = 0 ∧ counterzj = 0
⇒ yfront i ∧ zupi ∧ ystopj ∧ zstopj.
Constraint 2. The first goes to the position at a distance 20 m from the second,
toN1 , gm_start2 ∧ safei ∧ safej ∧ counteryi < N1 ∧ counterzi < N1 ∧ counteryj = 0 ∧ counterzj = 0
⇒ yfront i ∧ zupi ∧ ystopj ∧ zstopj.
Constraint 3. The first arrives at the position, and then the second begins to move front and up,
atN1 , gm_start2 ∧ safei ∧ safej ∧ counteryi = N1 ∧ counterzi = N1 ∧ counteryj = 0 ∧ counterzj = 0
⇒ yfront i ∧ zupi ∧ yfront j ∧ zupj.
Constraint 4. Both steeves moves front and up, until the height of the first reaches 20 m,
toN2 , gm_start2 ∧ afei ∧ safej ∧ N1 < counteryi < N2 ∧ N1 < counterzi < N2
∧ counteryj < N2 − N1 ∧ counterzj < N2 − N1
⇒ yfront i ∧ zupi ∧ yfront j ∧ zupj.
Constraint 5. The height of the first steeves reach 20 m,
atN2 , gm_start2 ∧ safei ∧ safej ∧ counteryi = N2 ∧ counterzi = N2
∧ counteryj = N2 − N1 ∧ counterzj = N2 − N1
⇒ yfront i ∧ zstopi ∧ yfront j ∧ zstopj.
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Constraint 6. Both steeves still move front until horizontal distance of the first steeve reaches 50 m,
toN3 , gm_start2 ∧ safei ∧ safej ∧ N2 < counteryi < N3 ∧ counterzi = N2
∧ counteryj < N3 − N1 ∧ counterzj = N2 − N1
⇒ yfront i ∧ zstopi ∧ yfront j ∧ zstopj.
Constraint 7. All steeves stop at the final position (50 m horizontal and 20 m vertical of the first steeve),
atN3 , gm_start2 ∧ safei ∧ safej ∧ counteryi = N3 ∧ counterzi = N2
∧ counteryj = N3 − N1 ∧ counterzj = N2 − N1
⇒ ystopi ∧ zstopi ∧ ystopj ∧ zstopj.
Constraint 8. Unsafe condition,
unsafe , gm_start2 ∧ ¬safei ∨ ¬safej ∧
⇒ ystopi ∧ zstopi ∧ ystopj ∧ zstopj.
Constraint 9. Stop anywhere (engineer push the stop bottom):
all_stop2 , gm_stop2
⇒ ystopi ∧ zstopi ∧ ystopj ∧ zstopj.
Similarly, let stable2 be x′1,...,2×n = 0 ∧ y′1···i−1,i+1,...,j−1,j+1,...,n = 0 ∧ z ′1···i−1,i+1,...,j−1,j+1,...,n = 0, we get the system of
scene 2, e.g.
S2 =

init ⇒ y′i = v0 ∧ z ′i = v0 ∧ y′j = 0 ∧ z ′j = 0 ∧ stable2
toN1 ⇒ y′i = v0 ∧ z ′i = v0 ∧ y′j = 0 ∧ z ′j = 0 ∧ stable2
atN1 ⇒ y′i = v0 ∧ z ′i = v0 ∧ y′j = v0 ∧ z ′j = v0 ∧ stable2
toN2 ⇒ y′i = v0 ∧ z ′i = v0 ∧ y′j = v0 ∧ z ′j = v0 ∧ Stable2
atN2 ⇒ y′i = v0 ∧ z ′i = 0 ∧ y′j = v0 ∧ z ′j = 0 ∧ stable2
toN3 ⇒ y′i = v0 ∧ z ′i = 0 ∧ y′j = v0 ∧ z ′j = 0 ∧ stable2
atN3 ⇒ y′i = 0 ∧ z ′i = 0 ∧ y′j = 0 ∧ z ′j = 0 ∧ stable2
unsafe ⇒ y′i = 0 ∧ z ′i = 0 ∧ y′j = 0 ∧ z ′j = 0 ∧ stable2
all_stop2 ⇒ y′i = 0 ∧ z ′i = 0 ∧ y′j = 0 ∧ z ′j = 0 ∧ stable2.
(5)
So S2 is always true at every time point of a time duration, e.g. ⌈S2⌉ =

S2 = ℓwith ℓ > 0.
4.2. Formal verification of stage suspended boom system
4.2.1. Verification of scene 1
We have formally specified the stage suspended boom system under the requirement of scene 1. We can validate the
specification with EDC. Let us prove, in all time duration:
1. all steeves should be keep in safe range (HT and HB),
2. moving neighbor groups will keep 100 cm apart.
Let us analyze and prove the first property. It is easy to know the first property require the following EDC formula:
⌈S1⌉ ∧ ♦⌈∀i ∈ {1, . . . , 2× n} • zi ≤ HT ∨ zi ≥ HB⌉ ⇒ false.
Let R = ∀i ∈ {1, . . . , 2× n} • zi ≤ HT ∨ zi ≥ HB, then
Theorem 1.
⌈S1⌉ ∧ ♦⌈R⌉ ⇒ false.
Proof. Let ξ be very small real number,
⌈S1⌉ ∧ ♦⌈R⌉ ⇒ ⌈S1⌉ ∧ (true; ⌈R⌉; true) (Definition of ♦)
⇒ (⌈S1⌉ ∨ ⌈⌉) ∧ (true; ⌈R⌉; true) (P-Always)
⇒ ((⌈S1⌉ ∨ ⌈⌉) ∧ true); ((⌈S1⌉ ∨ ⌈⌉) ∧ (⌈R⌉; true)) (Always-intro)
⇒ ((⌈S1⌉ ∨ ⌈⌉) ∧ true); (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ (⌈R⌉; true)) (P-Always)
⇒ ((⌈S1⌉ ∨ ⌈⌉) ∧ true); (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ ⌈R⌉); (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true) (Always-intro)
⇒ ((⌈S1⌉ ∨ ⌈⌉) ∧ true); (((⌈S1⌉ ∨ ⌈⌉) ∧ (⌈R⌉)) ∨ (⌈⌉ ∧ ⌈R⌉)); (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true)
⇒ ((⌈S1⌉ ∨ ⌈⌉) ∧ true); ((⌈S1⌉ ∧ ⌈R⌉) ∨ (⌈⌉ ∧ ⌈R⌉) ∨ (⌈⌉ ∧ ⌈R⌉)); (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true)
⇒ ((⌈S1⌉ ∨ ⌈⌉) ∧ true); ((⌈S1⌉ ∧ ⌈R⌉) ∨ (⌈⌉ ∧ ⌈R⌉)); (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true)
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which becomes:
⇒ ((⌈S1⌉ ∨ ⌈⌉) ∧ true); (⌈S1⌉ ∧ ⌈R⌉); (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true)
⇒ ((⌈S1⌉ ∨ ⌈⌉) ∧ true); (⌈S1 ∧ R⌉); (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true) (P-And)
⇒ ((⌈S1⌉ ∨ ⌈⌉) ∧ true);
∫
S1 ∧ R = ℓ

; (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true) (definition of ⌈⌉).
Let us show that S1 ∧ R is not piecewise continuous, e.g. existing a duration in which S1 ∧ R is not true, then in terms of the
movement described in the property R, supposing a time duration [t0, t1], in which zi(t0) = HB, then steeve i begins moving
down, e.g. z ′i = −v0, (it is similar to prove steeve locates in the top but still want to keep moving up):
⇒ ∀i ∈ {1, . . . , 2× n} • ((⌈S1⌉ ∨ ⌈⌉) ∧ true);∫ t0
0
(S1 ∧ R) dt = t0 ∧
∫ t1
t0
(S1 ∧ zi(t0) = HB ∧ zi(t0)′ = −v0 ∧ zi(t0 − ξ) = HB
∧z ′i (t0 − ξ) = 0)dt = t1 − t0 ∧
∫
t1
(S1 ∧ R) dt = ℓ− t1

;
(((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true) ([t ′0, t ′1] is a monotone decreasing interval of zi)
⇒ ∀i ∈ {1, . . . , 2× n} • ((⌈S1⌉ ∨ ⌈⌉) ∧ true);∫ t0
0
(S1 ∧ R) dt = t0 ∧
∫ t1
t0
(S1 ∧ zi(t0) = HB ∧ zi(t0)′ = −v0 ∧ zi(t0 − ξ) = HB ∧ z ′i (t0 − ξ) = 0 ∧
counter′zi = v0 × (256÷ 16))dt = t1 − t0 ∧
∫
t1
(S1 ∧ R) dt = ℓ− t1

;
(((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true) (definition of S1).
S1 holds in interval [0, t0], then according to definition of S1, we have int(counterzi ÷ NH) = 0 andmod(int(counterzi ,NH))= 0,
⇒ ∀i ∈ {1, . . . , 2× n} ∧ ∀t ∈ [t0, t1] • ((⌈S1⌉ ∨ ⌈⌉) ∧ true);∫ t0
0
(S1 ∧ R) dt = t0 ∧ (S1 ∧ zi(t) ≤ HB ∧ zi(t)′ = −v0 ∧ counter(t) = counter(t0)+ counter′zi(t − t0)) ∧∫
t1
(S1 ∧ R) dt = ℓ− t1

; (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true) (definition of S1)
⇒ ∀i ∈ {1, . . . , 2× n} ∧ ∀t ∈ [t0, t1] • ((⌈S1⌉ ∨ ⌈⌉) ∧ true);∫ t0
0
(S1 ∧ R) dt = t0 ∧ (S1 ∧ zi(t) ≤ HB ∧ zi(t)′ = −v0 ∧ (int(counter(t)÷ HB) = 0 ∧
mod(int(counter(t),HB)) > 0)) ∧
∫
t1
(S1 ∧ R) dt = ℓ− t1

; (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true) (definition of S1).
The value of counter implies that supi∧ smovei, then let i = 2× j (i = 2× j+ 1 is similar), if counterzi−1(t0) = counterzi(t0),
then assertion gmove_upj ∨ gwait_upj is true, or exception (not keeps group moving) true.
⇒ ∀i ∈ {1, . . . , 2× n} ∧ ∀t ∈ [t0, t1] • ((⌈S1⌉ ∨ ⌈⌉) ∧ true);∫ t0
0
(S1 ∧ R) dt = t0 ∧ (zi(t) ≤ HB ∧ zi(t)′ = −v0 ∧ (exception ∨ gmove_upj ∨ gwait_upj)) ∧∫
t1
(S1 ∧ R) dt = ℓ− t1

; (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true) (definition of S1)
⇒ ∀i ∈ {1, . . . , 2× n} ∧ ∀t ∈ [t0, t1] • ((⌈S1⌉ ∨ ⌈⌉) ∧ true);∫ t0
0
(S1 ∧ R) dt = t0 ∧ (zi(t) ≤ HB ∧ zi(t)′ = −v0 ∧ (zi(t)′ = 0 ∨ zi(t)′ = v0)) ∧∫
t1
(S1 ∧ R) dt = ℓ− t1

; (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true) (definition of S1).
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Because t is random at time duration [t0, t1], so we know that in this interval the formula is always false.
⇒ ∀i ∈ {1, . . . , 2× n} ∧ ∀t ∈ [t0, t1] • ((⌈S1⌉ ∨ ⌈⌉) ∧ true);∫ t0
0
(S1 ∧ R) dt = t0 ∧ false(t) ∧
∫
t1
(S1 ∧ R) dt = ℓ− t1

; (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true)
⇒ ∀i ∈ {1, . . . , 2× n} • ((⌈S1⌉ ∨ ⌈⌉) ∧ true);
∫
S1 ∧ R < ℓ

; (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true)
⇒ ∀i ∈ {1, . . . , 2× n} • ((⌈S1⌉ ∨ ⌈⌉) ∧ true); false; (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true) (definition of ⌈ ⌉)
⇒ false (chop-false).
Therefore, the case of steeve move outside of the range is impossible. 
Now, let us analyze and prove the second property (here we just show a half cycle for simple, e.g. one and neighbor
group can move up following the rule 2, the whole is the same). Suppose we have two groups the jth group and the j− 1th
(0 < j < n, n is the number of groups), the second property requires if these two groups move together, they keep 100 cm
distance. Furthermore, we can prove the whole movement, e.g. in a continuous time period, both the j− 1th and jth group
are located at the bottom position, they may keep this position and wait for neighbor groups to finish their movement,
R1 , z2×(j−1)−1 = HB ∧ z2×(j−1) = HB ∧ z ′2×(j−1)−1 = 0 ∧ z ′2×(j−1) = 0
∧ z2×j−1 = HB ∧ z ′2×j = HB ∧ z ′2×j−1 = 0 ∧ z ′2×j = 0
then the j− 1th group moves up,
R2 , z2×(j−1)−1 = HB ∧ z2×(j−1) = HB ∧ z ′2×(j−1)−1 = v0 ∧ z ′2×(j−1) = v0
∧ z2×j−1 = HB ∧ z ′2×j = HB ∧ z ′2×j−1 = 0 ∧ z ′2×j = 0
after the j− 1th group is 100 cm distance from the jth, the jth group begins to move up,
R3 , HB + 100 ≤ z2×(j−1)−1 < HT ∧ HB + 100 ≤ z2×(j−1) < HT
∧ z ′2×(j−1)−1 = v0 ∧ z ′2×(j−1) = v0
∧HB ≤ z2×j−1 < HT ∧ HB ≤ z ′2×j < HT ∧ z ′2×j−1 = v0 ∧ z ′2×j = v0
the j− 1th group arrive at top position first,
R4 , z2×(j−1)−1 = HT ∧ z2×(j−1) = HT ∧ z ′2×(j−1)−1 = 0 ∧ z ′2×(j−1) = 0
∧HB ≤ z2×j−1 < HT ∧ HB ≤ z ′2×j < HT ∧ z ′2×j−1 = v0 ∧ z ′2×j = v0
and then the jth group second;
R5 , z2×(j−1)−1 = HT ∧ z2×(j−1) = HT ∧ z ′2×(j−1)−1 = 0 ∧ z ′2×(j−1) = 0
∧ z2×j−1 = HT ∧ z ′2×j = HT ∧ z ′2×j−1 = 0 ∧ z ′2×j = 0
then after some times elapsed, the jth group begins to move down,
R6 , z2×(j−1)−1 = HT ∧ z2×(j−1) = HT ∧ z ′2×(j−1)−1 = 0 ∧ z ′2×(j−1) = 0
∧ z2×j−1 = HT ∧ z ′2×j = HT ∧ z ′2×j−1 = −v0 ∧ z ′2×j = −v0
once the distance between two groups becomes 100 cm, the j− 1th group begins moving down,
R7 , HB ≤ z2×(j−1)−1 < HT ∧ HB ≤ z2×(j−1) < HT ∧ z ′2×(j−1)−1 = −v0
∧ z ′2×(j−1) = −v0 ∧ HB ≤ z2×j−1 < HT − 100 ∧ HB ≤ z ′2×j < HT − 100 ∧ z ′2×j−1 = −v0 ∧ z ′2×j = −v0
finally these two groups arrive at bottom in turn:
R8 , HB ≤ z2×(j−1)−1 ≤ HB + 100 ∧ HB ≤ z2×(j−1) ≤ HB + 100
∧ z ′2×(j−1)−1 = −v0 ∧ z ′2×(j−1) = v0
∧ z2×j−1 = HB ∧ z ′2×j = HB ∧ z ′2×j−1 = 0 ∧ z ′2×j = 0
and
R9 , z2×(j−1)−1 = HB ∧ z2×(j−1) = HB ∧ z ′2×(j−1)−1 = 0 ∧ z ′2×(j−1) = 0
∧ z2×j−1 = HB ∧ z ′2×j = HB ∧ z ′2×j−1 = 0 ∧ z ′2×j = 0.
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We can use ‘chop’ operation to express these continual variations:
⌈S1⌉ ∧ ♦¬⌈R1; R2; R3; R4; R5; R6; R7; R8; R9⌉ ⇒ false. (6)
Before we prove this property, let us show Lemma 2 first:
Lemma 2. ⌈S1⌉ ⇒ ⌈R1; R2; R3; R4; R5; R6; R7; R8; R9⌉
Proof. Let ξ be very small real number, we study the group with indexes j and j− 1 (j > 1), moreover, let us first suppose
groupj ∧ groupj−1 always holds (or the groups cannot move because according to exception constraint of definition of S1, all
the steeves will be stopped), in terms of the specification of scene 1, if all the steeves are at the bottom position, the j− 1th
steeve does not move until the j − 2th (if j > 2) move up and the distance between the two steeves equals to 100 cm and
so does jth group, the movement of groups at top position is similar.
⌈S1⌉ ⇒ ⌈S1; S1; S1; S1; S1; S1; S1; S1; S1; S1; S1⌉
⇒ ∃t0 : R0,+ ∧ t0 ∧ •
∫
0
S1; S1; S1; S1; S1; S1; S1; S1; S1; S1; S1 dt = ℓ
∧ z2×(j−1)−1,2×(j−1),2×j−1,2×j(t0) = HB (movement described by property )
⇒ ∃t, t0, t1 : R0,+ ∧ t0 ≤ t ≤ t1 •
∫ t0
0
S1 dt = t0
∧
∫ t1
t0
S1 dt = t1 − t0 ∧
∫
t1
S1; S1; S1; S1; S1; S1; S1; S1; S1 dt = ℓ− t1
∧ z2×(j−1)−1,2×(j−1),2×j−1,2×j(t1) = HB ∧ z ′2×(j−1)−1,2×(j−1)(t1) = v0
∧ z2×j−1,2×j(t1 + ξ) = HB ∧ z ′2×(j−1)−1,2×(j−1),2×j−1,2×j(t) = 0
(movement described by property )
⇒ ∃t, t0, t1 : R0,+ ∧ t0 ≤ t ≤ t1 •
∫ t0
0
S1 dt = t0
∧
∫ t1
t0
S1 dt = t1 − t0 ∧
∫
t1
S1; S1; S1; S1; S1; S1; S1; S1; S1 dt = ℓ− t1
∧mod(counter2×(j−1)−1,2×(j−1),2×j−1,2×j(t),NH) = 0
∧mod(counter2×(j−1)−1,2×(j−1),2×j−1,2×j(t1),NH) = 0 (definition of S1).
Now based on the definition of S and the value of counter, we can find that in interval [t0, t1], only gkeep_bot j−1 and
gkeep_bot j are true for the current counter and position, all others do not hold.
⇒ ∃t0, t1 : R0,+ ∧ t0 ≤ t1 ≤ tn •
∫ t0
0
S1 dt = t0
∧
∫ t1
t0
(gkeep_bot j−1 ∧ gkeep_bot j)dt = t1 − t0
∧
∫
t1
S1; S1; S1; S1; S1; S1; S1; S1; S1 dt = ℓ− t1 (definition of S1)
⇒ ∃t0, t1 : R0,+ ∧ t0 ≤ t1 ≤ tn •
∫ t0
0
S1 dt = t0
∧
∫ t1
t0
(z ′2×(j−1)−1 = 0 ∧ z ′2×(j−1) = 0 ∧ z ′2×j−1 = 0 ∧ z ′2×j = 0)dt = t1 − t0
∧
∫
t1
S1; S1; S1; S1; S1; S1; S1; S1; S1 dt = ℓ− t1 (definition of S1)
⇒ ∃t0, t1 : R0,+ ∧ t0 ≤ t1 ≤ tn •
∫ t0
0
S1 dt = t0
∧
∫ t1
t0
R1dt = t1 − t0 ∧
∫
t1
S1; S1; S1; S1; S1; S1; S1; S1; S1 dt = ℓ− t1 (definition of R1)
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and finally, we get
⇒ ∃t0, t1, t2, t3, t4, t5, t6, t7, t8, tn : R0,+ ∧ t0 ≤ t1 ≤ t2 ≤ t3 ≤ t4 ≤ t5 ≤ t6 ≤ t7 ≤ t8 ≤ tn •
∫ t0
0
S1 dt = t0
∧
∫ t1
t0
R1dt = t1 − t0 ∧
∫ t2
t1
R2dt = t2 − t1 ∧
∫ t3
t2
R3dt = t3 − t2
∧
∫ t4
t3
R4dt = t4 − t3 ∧
∫ t5
t4
R5dt = t5 − t4 ∧
∫ t6
t5
R6dt = t6 − t5
∧
∫ t7
t6
R7dt = t7 − t6 ∧
∫ t8
t7
R8dt = t8 − t7 ∧
∫ tn
t8
R9dt = tn − t8
∧
∫
t0
S1 dt = ℓ− tn
⇒ ∃t0, tn : R0,+ ∧ t0 ≤ tn •
∫ t0
0
S0 dt = t0
∧
∫ tn
t0
R1; R2; R3; R4; R5; R6; R7; R8; R9 dt = tn − t0
∧
∫
tn
S1 dt = ℓ− tn.
Then let us expand the above expression
⇒ ∃t0, tn, t ′0, t ′n : R0,+ ∧ t ′0 ≤ t ′n ≤ t0 ≤ tn •
∫ t ′0
0
S0 dt = t ′0
∧
∫ t0
t ′0
R1; R2; R3; R4; R5; R6; R7; R8; R9 dt = t0 − t ′0
∧
∫ tn
t0
R1; R2; R3; R4; R5; R6; R7; R8; R9 dt = tn − t0
∧
∫ t ′n
tn
R1; R2; R3; R4; R5; R6; R7; R8; R9 dt = t ′n − tn
∧
∫
t ′n
S1 dt = ℓ− t ′n.
Because the initial position (e.g. t = 0) is the bottom, the j− 1th and jth groups will waiting for others if j > 1 or the j− 1th
group begins moving up, e.g. R1; R2; R3; R4; R5; R6; R7; R8; R9 satisfies the initial position, then
⇒ ∃t0, tn, t ′′n , t ′0, t ′n : R0,+ ∧ t ′′n ≤ t0 ≤ tn ≤ t ′n •
∫ t ′′n
0
R1; R2; R3; R4; R5; R6; R7; R8; R9 dt = t ′′n
∧ · · · ∧
∫ tn
t0
R1; R2; R3; R4; R5; R6; R7; R8; R9 dt = tn − t0
∧
∫ t ′n
tn
R1; R2; R3; R4; R5; R6; R7; R8; R9 dt = t ′n − tn
∧
∫
t ′n
S1 dt = ℓ− t ′n
⇒
∫
R1; R2; R3; R4; R5; R6; R7; R8; R9 dt = ℓ
⇒ ⌈R1; R2; R3; R4; R5; R6; R7; R8; R9⌉. 
Then, let us prove the property described by Eq. (6), we show it as a theorem:
Theorem 2.
⌈S1⌉ ∧ ♦¬⌈R1; R2; R3; R4; R5; R6; R7; R8; R9⌉ ⇒ false.
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Proof.
⌈S1⌉ ∧ ♦¬⌈R1; R2; R3; R4; R5; R6; R7; R8; R9⌉ ⇒ ((⌈S1⌉ ∨ ⌈⌉) ∧ true);
(⌈S1⌉ ∧ ¬⌈R1; R2; R3; R4; R5; R6; R7; R8; R9⌉); (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true)
⇒ ((⌈S1⌉ ∨ ⌈⌉) ∧ true); ((⌈R1; R2; R3; R4; R5; R6; R7; R8; R9⌉)
∧¬⌈R1; R2; R3; R4; R5; R6; R7; R8; R9⌉); (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true) (Lemma 2)
⇒ ((⌈S1⌉ ∨ ⌈⌉) ∧ true); false; (((⌈S1⌉ ∨ ⌈⌉) ∨ ⌈⌉) ∧ true)
⇒ false (Chop-false). 
4.2.2. Verification of scene 2
For scene 2, wewant the two steeves to behave like a stunt actor flying a kite, i.e., both steeves are at the bottom position
initially, then the first steeve moves up and front, once the distance between the steeves reaches 20 m, the second steeve
moves following the first, when both steeves move, the distance is kept at 20m. Let d be the distance between the stunt and
the skit, then the property of scene 2 could be described as:
Rs2 = (d < 20 ∧ yi < 50 ∧ zi < 20 ∧ yj < 50 ∧ zj < 20 ∧ y′i = v0 ∧ z ′i = v0 ∧ y′j = 0 ∧ z ′j = 0);
(d = 20 ∧ yi < 50 ∧ zi < 20 ∧ yj < 50 ∧ zj < 20 ∧ y′i = v0 ∧ z ′i = v0 ∧ y′j = v0 ∧ z ′j = v0);
(d = 20 ∧ yi < 50 ∧ zi = 20 ∧ yj < 50 ∧ zj < 20 ∧ y′i = v0 ∧ z ′i = 0 ∧ y′j = v0 ∧ z ′j = 0);
(d = 20 ∧ yi = 50 ∧ zi = 20 ∧ yj < 50 ∧ zj < 20 ∧ y′i = 0 ∧ z ′i = 0 ∧ y′j = 0 ∧ z ′j = 0).
Like what we have done in Section 4.2.2, we can prove ⌈S2⌉ ⇒ ⌈Rs2⌉. We show it only as a lemma here without proof.
Lemma 3.
⌈S2⌉ ⇒ ⌈Rs2⌉.
Similarly, we can also prove
Theorem 3.
⌈S2⌉ ∧ ♦¬⌈Rs2⌉ ⇒ false.
According to Theorem 3, the behavior of the two steeves meets the requirement of scene 2.
5. Conclusion
In this paper, we presented a formal approach to modeling the behaviors of different scenes of stage suspended boom
systems. The system is formally characterized and specified in a timed model. System properties are proved in the proof
system of extended duration calculus. We presented case study of two real-life scenes from the Beijing Olympic Stadium,
which illustrates the feasibility of the proposed verification framework.
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